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FUTURE BEHAVIOUR

PAST OBSERVATIONS

MODEL



“Plurality is not to be posited without necessity.”

William of Ockam

“We are to admit no more causes of natural 
things than such as are both true and sufficient 
to explain their appearances.” Isaac Newton
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Without any understanding, every possible 
past is a potential cause of future events.
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The better we can isolate the causes of natural 
things, the greater our understanding.
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If two models have statistically identical behavior, the one that needs to keeps track of 
the least information (As measured by Shannon Entropy) is preferred.



Two potential models

Option A
Output State 
of Coin

Flip with 
probability p

Repeat

Option B

Repeat

Output:
1 – The coins are the same
0 – The coins are different

Flip 1 coin at 
random with 
probability p
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A way to quantify complexity is by the minimum amount 
of causes (as measured by information entropy) one must 
invoke to model its statistics.
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Computable
Function 𝒇𝒇(𝑿𝑿,𝒀𝒀)

Mathematical Model, 
Input with Entropy C

Physical 
implementation
of 𝒇𝒇

Input encoded within 
physical system

Output retrieved by 
appropriate measurement

Physical Simulator,
Initial Entropy C

If modelling the 
dynamics of a 
phenomena requires 
knowledge of ‘x’, then 
any system that 
simulates the 
phenomena must store 
x. 

That is, the system must 
have at least entropy

∑− xx pp log



Suppose you’re a programmer 
for the matrix

You are tasked to program an object to 
simulate a particular desired behaviour.  

What is the least amount of past 
information you must store to be able to 
mimic future statistics.



𝑿𝑿 = … 𝑥𝑥−2𝑥𝑥−1 𝑥𝑥0

X = x1x2 …

Task:

Find a simplest physical system A 
– the system whose entropy 

𝑆𝑆 𝑨𝑨 = − Tr(𝜌𝜌 log𝜌𝜌)

Is minimised,  where 𝜌𝜌 = ∑𝑝𝑝�⃖�𝑥𝜌𝜌�⃖�𝑥

System in State 𝝆𝝆𝒙𝒙

𝑷𝑷(𝑿𝑿,𝑿𝑿)



Set of All Pasts

. . 0000 . . 0001

. . 0010 . . 0011

Construct a system that stores each possible 
past in a separate configuration.xx
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Set of All Pasts

1x
2x

Suppose two pasts have statistically identical futures
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The information needed to 
distinguish the two is irrelevant to 
the future of the process and can 
thus be discarded.



Partition the set of all pasts 
into equivalence classes, 
referred to as Causal states.

S1

S2

S3

Two different possible pasts 
belong to the same Causal state if 
they have coinciding futures.

1x
2x



Partition the set of all pasts into 
equivalence classes, referred to 
as Causal states.

S1

S2

S3

S2

S1

S3

An Epsilon Machine stores only 
which causal state the process is in.



S3

S1

S2

An Epsilon Machine stores only 
which causal state the process is 
in.

The Stochastic Process can then be 
completely defined by transition probabilities 
on the causal states. 

kj
rT ,

Probability a Stochastic process 
in Causal state Sj will emit 
output `r’ and transition to Sk



To simulate a sequence of random coin flips….

We have a process with exactly 1 Causal State

No Information about the Past is required!

S3

S1

S2Internal Entropy:

∑−= ii ppC logµ

Probability the process
is in Causal State 𝑺𝑺𝒊𝒊



S3

S1

S2Internal Entropy:

∑−= ii ppC logµ

Probability the process
is in Causal State 𝑺𝑺𝒊𝒊

No classical system can simulate a given 
stochastic process using less information than a 
Epsilon Machine

µC Is a intrinsic 
property of a stochastic 
process that measures 
the minimal amount of 
memory required to
simulate the given 
process.

Crutchfield, Young, Phys. Rev. Lett. 63, 105–108 (1989)



No classical system can simulate a given 
stochastic process using less information than a 
Epsilon Machine

µC Is a intrinsic 
property of a stochastic 
process that measures 
the minimal amount of 
memory required to
model a given process.

Applied to wide range of systems.Neural Networks Ising Models

Dripping Faucets

Pseudo-random
Number generators.

IEEE Trans. Neural 
Networks, 10, 2, 284-302

Physica A:  257, 1-4, 385-389 

PRA 238, 4-5, 244-252
Physica A:  356, 1, 133-138

Crutchfield, Young, Phys. Rev. Lett. 63, 105–108 (1989)



LOW COMPLEXITY LOW COMPLEXITY

PENDULUM
IDEAL GAS

ORDERED RANDOM

HIGH COMPLEXITY!

Image Courtesy of Sean Carol, ‘Setting time Aright’ 2011



LOW COMPLEXITY HIGH COMPLEXITY LOW COMPLEXITY

LOW DISORDER HIGH DISORDER



KOLMOGOROV COMPLEXITY

The ‘size’ of the minimal computer program 
that can be used to generate a specific 
observed sequence

Non-Computable

Maximum for 
Random Sequences.



KOLMOGOROV COMPLEXITY

The ‘size’ of the minimal computer program 
that can be used to generate a specific 
observed sequence

Non-Computable

Maximum for 
Random Sequences.

“[Kolmogorov Complexity] plays a very important 
role in every discussion of measuring complexity: in 
a pious act of homage to our intellectual ancestors, 
it is solemnly taken out, exhibited, and solemnly put 
away as useless for any practical application.”

- Cosma Shalizi

ALGORITHMIC INFORMATION



Computable

𝐶𝐶 ∝ 𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝑝𝑝𝐸𝐸 ∗ (1 − 𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝑝𝑝𝐸𝐸)

Lopez-Ruiz, Ricardo, Hector Mancini, and Xavier Calbet. "A statistical measure of complexity." Phys
Lett A 209 (1995): 321-326.

Exhibits Desired 
Behaviour

Don’t Directly 
Say Anything 
about Structure



Computable Desired Behaviour Infers Structure

Effective Measure 
Complexity

Thermodynamic 
Depth

Algorithmic Information

LMC Complexity

Logic Depth



Computable

Features Desired 
Behaviour

Statistical 
Complexity

Infer 
Structure



LOW COMPLEXITY HIGH COMPLEXITY LOW COMPLEXITY

STATISTICAL
COMPLEXITY = 0
FOR RANDOM SEQUENCE.

STATISTICAL
COMPLEXITY = 0

FOR UNIFORM PROCESS



TEMPERATURE

State of Infinite Spin Chain at 
Temperature T 

Crutchfield, J.,  Feldman, D., "Statistical complexity of simple one-dimensional spin 
systems." Physical Review E 55.2 (1997): R1239.
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𝑥𝑥𝑡𝑡 = 0

𝑥𝑥𝑡𝑡+1 = 0

𝑥𝑥𝑡𝑡+1 = 1

Box with coin, perturbed at each time-step 
such that coin flips with probably p. 

𝑞𝑞

1 − 𝑞𝑞

Gu. et. al. Nature Communications, 3, 762



P(X|     ) P(X|     )
We cannot discard information about the state of the coin. 

Set of all pasts



Set of all pasts

Optimal classical system for generating P(X, X)
has internal entropy 1, for any q ≠ 0.5

But as q→ 0.5, the process tends towards a completely random sequence!
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E = I(X, X) 

Knowledge of the past contains

bits about the future.
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Coherent interactions should be easy to 
synthesize, and deterministic. 
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E = I(X, X) 

),( XXP


Coherent interactions should be easy to 
synthesize, and deterministic. 

Lower bound on how many bits any simulator of 
The process must store.
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E = I(X, X) 

),( XXP


Coherent interactions should be easy to 
synthesize, and deterministic. 

Why should a simulator store any more 
information than this?



X
 X



E = I(X, X) 

Lower bound on how many bits any simulator of 
The process must store.

Some of the information recorded is still not 
relevant to the future – the Epsilon machine still 
wastes information!

JP Crutchfield, CJ Ellison, “Time’s Barbed 
Arrow.” Phys. Rev. Lett 2009 

EC >µ

An epsilon machines must store 𝐶𝐶𝜇𝜇
bits to know to retain all information 
About the future..  



Output r

Suppose two differing causal states have 
finite probability to transition to an 
coinciding causal state after coinciding 
output. 

P(X|S1) 

P(X|S2) 

The future of the two causal states are not 
entirely distinct.

A classical epsilon must store a property A that distinguishes 
𝑆𝑆1 and 𝑆𝑆2. But observation of the entire future does not guarantee 
the ability to retrieve A.

Some of the storage 
used to keep track of 
A is wasted.

Output r



Entropy = 1 Entropy = 0



Entropy = 1 Entropy = 0

A quantum model can perform
superposition of both!



S3

S1

S2

Classical models must allocate 
enough storage to distinguish every 
causal state

Quantum systems can go beyond this by 
compressing the information further… 
distinguishing the causal states only to 
the degree that they affect the future.



µC

E = I(X, X) 

M.Gu, K.Wiesner, E.Rieper, V.Vedral, 
Nature Communications, 3, 762

Provided the best classical model for a 
stochastic process stores some unnecessary 
information,  there exists a simpler quantum 
model



𝑥𝑥𝑡𝑡 = 0

𝑥𝑥𝑡𝑡+1 = 0

𝑥𝑥𝑡𝑡+1 = 1

Box with coin, perturbed at each time-step 
such that coin flips with probably p. 

𝑞𝑞

1 − 𝑞𝑞
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Classical models always require us to 
perfectly distinguish Between 0 and 1!



Classical models always require us to 
perfectly distinguish Between 0 and 1!

| ⟩0

| ⟩1

𝑍𝑍

𝑋𝑋

ENTROPY = 1

P = 0.5

ENTROPY = 0

ENTROPY = 0



𝑋𝑋

ENTROPY < 1

𝑍𝑍

STORING THIS INFORMATION
REQUIRES LESS THAN 1 UNIT
OF ENTROPY!

Encode as | ⟩�0 = 𝑞𝑞| ⟩0 + 1 − 𝑞𝑞 ⟩|1

Encode as | ⟩�1 = 1 − 𝑞𝑞| ⟩0 + 𝑞𝑞 ⟩|1



𝑋𝑋

𝑍𝑍

Encode as | ⟩�0 = 𝑞𝑞| ⟩0 + 1 − 𝑞𝑞 ⟩|1

Encode as | ⟩�1 = 1 − 𝑞𝑞| ⟩0 + 𝑞𝑞 ⟩|1

𝑞𝑞 → 0.5 As 𝑞𝑞 → 0.5, the quantum 
model takes asymptotically 
no memory.

𝑞𝑞 → 0.5



Encode as | ⟩�0 = 𝑞𝑞| ⟩0 + 1 − 𝑞𝑞 ⟩|1

Encode as | ⟩�0 = 1 − 𝑞𝑞| ⟩0 + 𝑞𝑞 ⟩|1

X

𝑥𝑥𝑗𝑗+1
| ��0

| �𝑆𝑆(𝑘𝑘+1)| �𝑆𝑆(𝑘𝑘)

| ��0

Entropy of Simulator < 1 at all times



Encode as | ⟩�0 = 𝑞𝑞| ⟩0 + 1 − 𝑞𝑞 ⟩|1

Encode as | ⟩�1 = 1 − 𝑞𝑞| ⟩0 + 𝑞𝑞 ⟩|1

Best Classical Model

Quantum Model 

Lower Bound E

q



Composite System with 
10 Perturbed Coins

Example: K = 10,    q = 0.4

Entropy = 10 Entropy < 1

Classical



SCALED TEMPERATURE

Spin Chain at Temperature T 

Suen W.Y.,  M. Gu, J. Thompson, V.Vedral. in Prepatation.
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Best Classical Model

Quantum Model



Quantum Theory allow us to build models of the same 
statistical phenomena while storing less extraneous past 
information than any classical alternative – even if we are 
modelling purely classical data.

OCCAM’S RAZOR IS SHARPER WHEN QUANTIZED.

The quantum analogue of the statistical complexity may better 
align with our intuition of what is complex, and is a very 
promising measures of complexity for statistical phenomena. 

A QUANTUM MEASURE OF COMPLEXITY



We know that quantum is simpler – but how much simpler and 
what significant qualitative differences are there? Can these 
differences give us a better understanding of complexity or the 
inherent benefits of quantum information processing?

HOW DIFFERENT ARE QUANTUM MODELS?

CLASSICAL STATISTICAL COMPLEXITY
CAN BE VERY SENSITIVE TO NOISE –
AND THUS ITS PRACTICAL EVALUATION
IS SOMETIMES TRICKY. CAN
QUANTUM OVERCOME THIS? 

STATISTICAL
COMPLEXITY = 0

FOR UNIFORM PROCESS



HOW MUCH SIMPLER CAN
SOMETHING LOOK QUANTUM
MECHANICALLY? ARE THERE
REALISTIC SYSTEMS WHERE THE TWO
MEASURE SCALE VERY DIFFERENTLY?

We know that quantum is simpler – but how much simpler and 
what significant qualitative differences are there? Can these 
differences give us a better understanding of complexity or the 
inherent benefits of quantum information processing?

HOW DIFFERENT ARE QUANTUM MODELS?



Landauer's erasure principle states that it costs energy to 
erase information.  Classically, this leads to a fundamental 
energy cost for stochastic simulation.  Can quantum 
simulators break this bound?

THERMODYNAMIC BENEFITS OF QUANTUM PREDICTION

We know that quantum is simpler – but how much simpler and 
what significant qualitative differences are there? Can these 
differences give us a better understanding of complexity or the 
inherent benefits of quantum information processing?

HOW DIFFERENT ARE QUANTUM MODELS?



Landauer's erasure principle states that it costs energy to 
erase information. Can quantum simulators break this 
bound?

THERMODYNAMIC BENEFITS OF QUANTUM PREDICTION

Can we demonstrate quantum simulators in the lab that 
demonstrate reduced entropy and energetic costs?

EXPERIMENTAL REALIZATION

We know that quantum is simpler – but how much simpler and 
what significant qualitative differences are there? Can these 
differences give us a better understanding of complexity or the 
inherent benefits of quantum information processing?

HOW DIFFERENT ARE QUANTUM MODELS?



The amount of useful information the 
past contains about the future.

I(X, X) 

Even quantum models seem require 
postulating extraneous causes

𝑪𝑪𝒒𝒒X


X


ECq >

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
0

0.2K

0.4K

0.6K

0.8K

K

Perturbation proabability, p

Bi
ts

Is this a source of causal asymmetry in 
quantum theory?

Can some other information theory 
onto quantum theory, or can quantum 
theory be motivated entirely by 
Occam’s Razor?
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